Relativistically induced divergence of electromagnetic field 



Peifeng Wang 
Mijiaqiao 34-1-5, Xi'an, Shaanxi, P. R. China 710075 and 
Guanghua Road 1#, 34-1-5 3rd floor, Yanta District, Xi'an, Shaanxi, P. R. 



China 710075 



It is demonstrated that, in electrodynamics, just as the curl of a vector field can emerge from 
relativistic transformation, (quasi) divergence of a vector field can also appear due to the same 
mechanism. Two cases are studied to show that, divergence of electrical field without net charge may 
be observed around a straight wire in certain moving frame, and outside specific region, magnetic 
field can appear as if it was around magnetic charge when field of a solenoid is viewed from a 
moving frame. It seems that divergence of electric field may not be exclusively associated with 
electric charges. 

PACS numbers: 03.50.De 



In general, vector fields have divergence and curl. In 
electrodynamics, the divergence of field is only associated 
with electric charges. An interesting attempt to sym- 
metrize electricity and magnetism were the introduction 
of magnetic charges[l, 2], which have been extensively 
studied in both theories[3-6] and experiments[7-12] be- 
cause it explains the quantization of electric charges. On 
the other hand, curl of electromagnetic field appears as 
a result of the motion of charges, which are inseperable 
from the divergence of their electric field. 

The conversion of electromagnetic field can result from 
Lorentz transformation, (e.g. the magnetic field around 
a moving charge) Although it has been observed that 
electric charge is invariant [13] , we reveal a model in which 
(quasi) divergence of fields may be observed due to rel- 
ativistic effect. Our scheme is based on the observation 
that Lorentz transformation may cause electric and mag- 
netic field interchange, at the same time, field compo- 
nents with looped field lines may induce radial field com- 
ponents when viewed from certain moving frame. Anal- 
ysis of these observed radial fields shows that, 1) diver- 
gence of electric field can emerge from a moving magnetic 
field, and 2) outside specific region, magnetic field can ap- 
pear as if it was around magnetic charge. It is suggested 
that divergence of electric field may not be exclusively 
associated with a electric charge. 

In Gaussian unit, the transformation of electromag- 
netic fields from reference frame F to frame F' moving 
with velocity v relative to F are [14] 
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The subscripts indicate that the left hand side is field 
at (x', t') in frame F ', while the right hand side contains 
fields at (x, t) in frame F. (x',£') and (x, t) are related 



by Lorentz transformation 

ct' = j(ct - (3 ■ x) 
.j - ,7-1 
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Geometrically, the force lines of field with nonvanish- 
ing curl are closed loops, while fields with non vanishing 
divergence has radial force lines. In eqn. (1), the terms 
7/3 x B and —7/3 x E show interchanges between electric 
field and magnetic field. They also represent transforma- 
tions between azimuthal component and radial compo- 
nent of the fields, depicted in fig. 1. As to be shown, the 
radial electric field E' in fig. lb has nonvanishing diver- 
gence, while outside specific region, the radial magnetic 
induction B' in fig. lc is identical to field that could be 
around magnetic charge. 

In SI unit, eqn. 1 becomes 

[E'] x ,,f = [7(E + c/3 x B) - -^—(3(f3 ■ E)] x , t 
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[B'] x ,,t' = [7(B --xE)- -XT/3(/3 ■ B)] x ,t (3) 
c 7 + 1 

Following are studies of the relativistically induced ra- 
dial field components in 2 specific setups. One deals with 
an infinite long ideal solenoid, the other deals with the 
fields around an infinite long current carrying straight 
wire. 

An infinite long ideal solenoid can form a realization 
of the field transformation shown in fig. lc. To proceed, 
we first show how a quasi static rotational electric field 
can emerge from Maxwell's equation, the wave equation 
are 
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Different configuration of J can result in a variety of 
field structures (E, B). For our purpose, we take 



J(r,i) = ij(r),V-j = 
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FIG. 1: Dashed lines are fields observed in frame F, solid 
lines are fields observed in frame F moving with velocity 
(3 relative to frame F. (a) Radial component of field E in- 
duces circular shaped B'. (b) /3 and B in frame F form a 
left hand screw, circular shaped B induces outward pointing 
radial E = jf3 X B in frame F . (c) /3 and E in frame F 
form a right hand screw, circular shaped E induces outward 
pointing radial B' = —7/3 X E in frame F . 



then the wave equation becomes 
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In the first equation, the right hand side is time inde- 
pendent, so a static electric field E(r, t) = e(r) may be 
possible. In the second equation, the right hand side is 
depending on time linearly and the left hand side contains 
a second order derivative with respect to t, so magnetic 
induction in the form B(r, t) = ib(r) may well be the 
solution. Then with driving source J of equ. 5, we may 



write the solution of wave equation 4 as 

E(r,t) = e(r) 
B(r,i) = tb(r) 
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thus fields E(r, t), B(r, t) are represented as product of 
time factors and spatial factors. Put eqn. 7 into eqn. 6, 
e(r),b(r) should satisfy 



V x V x e = 
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VxVxb = -/i Vxj (8) 

the time factors disappear. It can further be written 



V x e = -b 

V x b = -fi j 



(9) 



Quantities involved here (b,e,j) are only the spatial 
factors of the true fields (B,E, J) and are static. Com- 
bining with eqn. 7, eqn. 9 means, a driving source of 
linearly growing current generates a quasi static field, 
which contains a static electric field and a linearly grow- 
ing magnetic induction. The spatial distribution of B is 
the same as the one with constant current source. 

For an infinite long solenoid with N coils per unit 
length, and carrying a static current I(t) = Iq, the elec- 
tric field is everywhere, the magnetic field inside the 
solenoid is axial and the amplitude is 



\B\ = fi NI 
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while B = outside the solenoid. 

For an infinite long solenoid with circular cross section 
of radius Ro and N coils per unit length, carrying linearly 
growing current I(t) = tlo, there is a linearly growing 
axial magnetic induction B inside the solenoid, 



\B\ = t^ NI 
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and there is an azimuthal electric field shown in fig. 2 as 
dashed line, the magnitude is 



\E\ = 
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where R is the perpendicular distance from the observa- 
tion point to the axis of the solenoid. 

When one takes measurement from frame F' moving 
along z axis at velocity of /3 as shown in fig. 3, the 
observed magnetic induction B' is radial, the magnitude 
can be computed via eqn. 3 



\ B '\= 1 -l\E\ = 
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Outside the solenoid, this radial magnetic induction 
emanates from the solenoid as if there was a magnetic 



E related component B' r and a B related component B z 
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FIG. 2: Around a solenoid carrying a linearly growing current 
I = tlo, axial magnetic induction B = th exists only inside 
the solenoid and grows linearly, and there is quasi static ro- 
tational electric field whose line is concentric circular. 
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FIG. 3: For the solenoid in fig. 2, magnetic induction B' 
observed in axially moving frame F and a closed cylindrical 
surface around the solenoid 
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with the setup of solenoid shown in fig. 3, B has only 
z component in frame F, so B = B z , [B' r ] x < )t ' is radial, 
while [B^Jx'jf is axial and exists only within the solenoid 
as B = B z vanishes outside the solenoid. 

The cylindrical closed surface in fig. 3 has end surface 
S\ and S 2 at z[ and z' 2 in frame F' respectively, and 
side surface S3, L = z' 2 — z[ is the distance between the 
2 end surfaces in frame F' . The total flux of magnetic 
induction through the closed surface is 

<h B' • nda = B' • n^da + I B' • n^da 
Js Js 1 Js 2 

B' • n 3 da (15) 



The boundary r of the end surfaces S 2 is the intersec- 
tion of S 2 and S3, and is closed loop. For the side surface, 
only the radial component [B' r ] x / t / matters, and 



n^da = dr x zdz' 
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then 



/ B' • n 3 da = / *([-— x E] X)t ) • (dr x zdz') (17) 
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with identity (a x b) • (c x d) = (a • c) (b • d) — (a • d) (b • c) 
and E • z = 0, (3 • z = /3 

f B'-n 3 da= f /(^[E] X)t )-drdz' (18) 
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with Stokes' theorem on the closed loop r 
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since S 2 is perpendicular to z axis, 112 = z, then 
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at a given moment t' in frame F' , with Lorentz transfor- 
mation, one can have 



line charge at z axis, i.e. the field is identical to the field 
computed by V ■ B' = jf3/j, nR^NI c^ 1 5(x)5(y). Nev- 
ertheless, as to be shown, the total field flux through a 
closed surface vanishes when the field inside the solenoid 
is taken into account. 

Eqn. 3 shows, the observed B' in frame F' contains an 
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then 
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For the end surface, it only deals with the axial com- 
ponent. However, it is worth noting that in frame F' the 
magnetic induction at surfaces S\ and S 2 are different. 
In particular, z[,t' in frame F' corresponds to z±,ti in 
frame F, 



h = 7 * + — 

c 

zi = 7 (4 + ct'fi) 
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and z' 2 ,t' corresponds to z 2 ,t 2 



then 



t 2 = 1 (t' + ^) 
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When computing fields in frame F' with eqn. 3, B' at 
surface S\ shall be computed with B at t-± in frame F, 
while B' at surface 5*2 shall be computed with B at t 2 in 
frame F. In addition, 112 = z, ni = — z 

/ B' • n ± da+ / B' • n 2 da 

JSi Js 2 

= f (B' z (z' 2 ,t')-B' z (z[,t'))-zda (27) 
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Then with eqn. 15 and 23, the total flux of magnetic 
induction through the closed surface in frame F' is 



B' • nda = 



(28) 



Thus, in the moving frame F' , the axial field flux can- 
cels out the flux of the radial field component, and the 
total flux of magnetic induction B' through a closed sur- 
face vanishes when field inside the solenoid is included. 
Nevertheless, eqn. 13 shows, the radial magnetic induc- 
tion outside the solenoid is indistinguishable as if there 
was magnetic line charge inside the solenoid. 

The above scenario of solenoid has a dual case with a 
long straight wire carrying a static current /, unlike the 
solenoid case in which the axial field flux cancels out the 
radial field flux, the long straight wire can appear having 
non-zero divergence under relativistical transformation. 
Around a long straight wire carrying a static current /, 
the force lines of magnetic induction B are concentric cir- 
cular, as the dashed lines shown in fig. 4. The magnitude 
of B is [14] 
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FIG. 4: Fields observed around a straight wire carrying static 
current I. Dashed line shows that in frame F, the force line 
of magnetic induction B is concentric circular. Solid lines are 
electric field E observed in frame F moving with velocity (3 
relative to frame F, and E has only radial component. 



where R is the perpendicular distance from the observa- 
tion point to the wire. When viewed from a frame F' 
moving along z axis, an electric field E' emerges, and by 
eqn. 3 its magnitude can be computed as 



|E'| = c 7/ 9-^/ 
1 ' W 2tiR 
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Since B is loop shaped, E' is radial. This radial elec- 
tric field induced by concentric circular shaped magnetic 
induction forms a realization of the field transformation 
shown in fig. lb. 

The divergence of the electric field E' in Frame F' is 



= V • [( 7 (E + c/3 x B) - ^— /3(/3 • E))] x , t (31) 
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Around the straight wire, E = in frame F , then from 
eqn. 3 



[E'] xV ' = [7(c/3 x B)] X)t 



(32) 



Since (3 is along the z axis, the z components of field 
B z = 0, E' z = 0, eqn. 31 becomes 

V • [E'] x ,,f = V • [E'] x ,,f = V • [ 7 (c/3 x B)] x , t (33) 
along with V x (3 = 

V'-[E'] xV ' = -[c7/3-VxB] x , t (34) 

For the setup in fig. 4, magnetic induction B has only 
x and y components, and J = zIS(x)5(y), with z being 
the unit z vector. Thus 

V x [B] X)t = ,uoJ = fi zIS(x)S(y) (35) 



then 



V • [E'] xV ' = -c 1 f3^I6(x)6(y) 
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Though E = thus V • E = in frame F, for j3 ^ 
the divergence of E' observed in frame F' is none zero at 
z axis, which is equivalent to a line charge at z axis. 

The straight wire and the solenoid discussed above are 
similar in a couple of aspects. 1) The linearly growing 
magnetic field inside the solenoid is equivalent to a mag- 
netic current J m , in parallel to the electric displacement 
current. 2) In both cases, radial field component em- 



anating from the axis can be observed from an axially 
moving frame F' , as if there was a line charge at the 
axis. On the other hand, in the solenoid setup, the evenly 
distributed, linearly growing axial component inside the 
solenoid becomes uneven when viewed from an axially 
moving frame F' . This unevenness contributes to the 
axial field flux to cancel out the flux of the radial field 
component. But in the straight wire case, such axial field 
component does not exist, therefore, the observed radial 
electric field has actually non vanishing divergence with- 
out net charge present. 
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